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Introduction

Motivation

Electron capture reactions (Charge exchange) reactions:

Aq+ + H→ A(q−1)+ + H+

Cross sections required in plasma modelling and diagnostics.

In this talk collisions with fully stripped ions (one-electron

systems).

Be4+ specially relevant.
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Introduction

Previous work

Be4+ + H collisions

No experimental data.

Need of theoretical data. More than 35 years of calculations.

Accuracy?



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Introduction

(Errea et al. Phys. Lett. A 92, 232)
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In this talk:

1 < E < 100 keV/u. Semiclassical calculations.

Uncertainties of n-partial CX cross sections in CC calculations.

Accuracy and uncertainties of CTMC results.

Some results of the numerical integration of the TDSE.
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Computational methods

Impact parameter method

In general valid for E > 250 eV/u

Rectilinear nuclear trajectories R = b + vt

The electron wavefunction is a solution of:[
Hel − i

∂

∂t

]
Ψ = 0

with

Hel = −1

2
∇2

r + VP + VT
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Computational methods

Molecular expansion

MOCC

Ψ(r, t; b, v) = D(r, t)
∑

k ak(t; b, v)φk(r;R) exp
(
−i
∫
εk(R)dt

)
where φk are molecular orbitals that fullfil:

Helφk = εkφk

and D(r, t) is a common translation factor.
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Computational methods

Atomic expansion

AOCC

Ψ(r, t; b, v) =
∑

k ak (t; b, v)φPk (r;R) exp
(
−iεPk

)
DP +

+
∑

l al (t; b, v)φTl (r;R) exp
(
−iεTl

)
DT

where φPk , φTl are atomic orbitals that fulfill:

[
−

1

2
∇2

r + VP

]
φPk = εPk φ

P
k ;

[
−

1

2
∇2

r + VT

]
φTl = εTl φ

T
l

and DP,T are plane-wave translation factors
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Computational methods

CC methods

Computational procedure

Calculation of couplings Mkl =< ψkD
k |Hel − i∂/∂t|ψlD

l >.

Integration of the system of differential equations for ak .

iȧ = S−1Ma

Integration of transition probabilities.

σk = 2π

∫ bmax

0
bP(b)db = 2π

∫ bmax

0
b|ak (tmax)|2db
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Computational methods

Eikonal CTMC Method

The projectile follows straight-line trajectories: R = b + vt

Electronic motion is described by a classical distribution function

ρ(r,p, t)a

a
Abrines & Percival, Proc. Phys. Soc. 88, 861
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Computational methods

Eikonal CTMC Method

In practice

Hamilton’s equations are solved for each electron trajectory

(N ≈ 105):

ṙj =
∂Hel

∂pj

; ṗj = −
∂Hel

∂rj

with:

Hel =
p2

2
−

ZT

rT
−

ZP

rP

Energy criterion is applied at tfin = 500
v to select

Ionization (ET > 0, EP > 0)

Capture (ET > 0, EP < 0)
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Computational methods

Transition probabilities and cross sections

Transition probabilities:

P i ,c(v , b) =

∫
dr

∫
dp ρi ,c(r, p, v , b, tfin)

Total cross sections:

σi ,c(v) = 2π

∫ ∞
0

db b P i ,c(v , b)
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Computational methods

Calculation of partial cross sections

Classical phase space of captured electrons is partitioned into

exclusive subspacesa:

[(n − 1) (n − 1

2
) n]1/3 < nc ≤ [n (n +

1

2
) (n + 1)]1/3

l <
n

nc
lc ≤ l + 1

with nc = ZP/
√
−2EP and lc = |(r − b− vt) ∧ (p− v)|.

a
Becker & MacKellar , JPB 17, 3923
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Computational methods

Initial distribution
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Computational methods

Initial distribution

Microcanonical (standard)

ρM(r, p, v , b, t →∞) =
1

8π3
δ(
p2

2
− 1

r
+

1

2
)

Hydrogenic

ρH(r, p, v , b, t →∞) =
N∑
k=1

(−2ε
5/2
k )

8π3
ak δ(

p2

2
− 1

r
− εk)

linear combination of N microcanonicals a with average energy

< ε >' − 1
2 a.u..

a
Hardie and Olson, JPB, 16, 1983



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Computational methods

Initial distribution H(1s)
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Computational methods

Numerical integration of the TDSE

Previous calculations of Minami et al. (JPB 39, 2877 (2006))

for Be4+ + H(1s). (LTDSE)

New calculations using the program GridTDSE of Suarez et

al. CPC 180, 2025 (2009).
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Computational methods

GridTDSE (
Hel(r, t)− i

∂

∂t

)
Ψ(r, t; b, v) = 0

The numerical solution of this equation has the form:

Ψ(t + ∆) = Ψ(t −∆)− 2i∆(T + V)Ψ(t),

where the components of vector Ψ are the values of the wavefunction in the grid

points.

In practice:

VP(r) = − Zp√
| r |2+εp

VT(r, t) = − Zt√
|r−~R|2+εt

, R = (b, 0, zmin + vt)
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Computational methods

R
r

v

b

e
-

H
+
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q+

x
1

x
2

Absorbing potential

nuclear trajectory

Grids
G1

-22 a.u.≤ xi ≤ 22 a.u.

(2213 points)

G2

-22 a.u.≤ xi ≤ 22 a.u.

(3203 points)

G3

-30 a.u.≤ xi ≤ 30 a.u.

(3013 points)

Mask function

M(~r) =
∏
i=1,3


1 if r

L−
i < ri < rL

+

i

exp

{
−σi (ri − r

L±
i )2

}
elsewhere
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Results

Low energy, E = 1 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=3) + H+

Calculation Cross section 10−16cm2

MOCC-17a 34.70

MOCC-88b 34.5

MOCC-96a 34.42

gridTDSE (G1) 33.20

AOCC-170c 34.4

a
Errea et al. JPB 31, 3527

b
Harel et al. ADNDT 68, 279

c
Igenbergs et al. JPB 42 35206
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Results

Low energy, E = 1 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=4) + H+ at E = 1 keV/u.

Calculation Cross section 10−16cm2

MOCC-17a 2.45

MOCC-88b 3.17

MOCC-96a 3.11

gridTDSE (G1) 3.27

AOCC-170c 3.10
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Intermediate energy, E = 30 keV/u

0 2 4 6 8
n

0

2.5

5

7.5

10

12.5

σ
n
 (

1
0

-1
6
 c

m
2
)

GridTDSE
AOCC



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Results

Intermediate energy, E = 30 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=3) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 11.09

AOCC-170a 11.1 b

a
Igenbergs et al. JPB 42 35206

b±0.4× 10−16 cm2, based on the convergence study of Igenbergs et al.
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E = 30 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=4) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 6.67

AOCC-170a 6.29

a
Igenbergs et al. JPB 42 35206
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High energy, E = 100 keV/u
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E = 100 keV/u

Convergence of the CTMC calculation. Partial cross sections (10−16cm2)

n 1× 105 traj. 5× 105 traj.

1 0.0141 0.0141

2 0.491 0.494

3 0.768 0.768

4 0.565 0.560

5 0.361 0.363

6 0.236 0.238

7 0.158 0.161

8 0.110 0.113

.. ..... .....

15 0.0169 0.0194



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Results

E = 100 keV/u

CX probability, b = 1, GridTDSE calculation
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E = 100 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=3) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 0.768

CTMC 0.768
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Results

E = 100 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=4) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 0.579

CTMC 0.560

Total cross sections for Be4++ H(1s) → Be3+(n=5) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 0.398

CTMC 0.363
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E = 100 keV/u
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E = 100 keV/u
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E = 100 keV/u

Total cross sections for Be4++ H(1s) → Be3+(n=2) + H+

Calculation Cross section 10−16cm2

gridTDSE (G3) 0.398

CTMC (m, 1× 105 traj.) 0.411

CTMC (m, 5× 105 traj.) 0.410
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Total cross section, E = 100 keV/u

0 10 20
n

0

0.2

0.4

0.6

0.8

1

σ
n
 (

1
0

-1
6
 c

m
2
)

AOCC
CTMC
GridTDSE



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Results
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Calculation σ, Å2

CTMC (h, 1× 105 traj.) 3.13

CTMC (h, 5× 105 traj.) 3.14

GridTDSE (extrap.) 3.09

Uncertainties of the CTMC calculation, Å2 Statistics n < 3 Total

1.5× 10−2 8× 10−2 ≈ 1× 10−1



Joint ITAMP/IAEA Workshop Uncertainty Assessment for Atomic and Molecular Data.

Results

Total cross section

0.1 1 10 100
E (keV/amu)

1

10

σ
 (

1
0

-1
6
 c

m
2
)

LTDSE, Minami et al  JPB 39 2877 (2006)

AOCC Igenbergs et al JPB 42  235206 (2009)

MOCC Harel et al ADNDT 68, 279 (1998)

AOCC Toshima PRA 50 3940 (1994)

CTMC Illescas & Riera PRA 60 454 (1999)

CTMC Jorge et al (unpublished)

GridTDSE Jorge et al (unpublished)

GridTDSE Jorge et al (extrapolation)

Calculation σ, Å2
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Summary

MOCC partial cross sections. |ε| < 3× 10−1Å2 at E = 1 keV/u.

AOCC Convergence studies of partial cross sections not available.

|ε| ≈ 4× 10−1Å2 for total cross section at E = 30 keV/u.

CTMC calculation. Small uncertainties from the statistics.

Difficulties for CX into low-n levels.

Preliminary results of GridTDSE. Precision is a function of the grid

density.
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Outlook

Low energies (E . 100 eV): Quantal treatment. Partial-wave

expansion.

Many-electron systems: Precision of the basis functions.
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Coworkers

TCAM group : Luis Errea, Clara Illescas, Ismanuel Rabadán, Jaime

Suárez, Alba Jorge.

Bernard Pons (CELIA, Bordeaux, France)

http://tcam.qui.uam.es
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